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Nonlinear Kac Model: Spatially Homogeneous
Solutions and the Tjon Effect
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We study Kac’s nonlinear model of the Boltzmann equation when the cross sec-
tion a(8) does not satisfy the special symmetry condition o(8)=o(n—0). We
determine a differential system for the Laguerre moments of the odd and even
velocity parts of the solutions. We consider the spatially homogeneous model in
1+ 1 dimensions (velocity v and time f) when the even velocity part of the
solution is provided by the Bobylev—Krook-Wu closed solutions and study the
associated odd velocity part. We find that the solutions depend on the
microscopic models of a(8). For one class of ¢(8), which has sums of exponen-
tial terms for the Laguerre moments, we establish the relations allowing the con-
struction of the time-dependent solutions associated with any initial dis-
tribution. We find sufficient conditions on ¢(#) and on the even part such that
the Laguerre series of the odd part converges. We establish a criterion for a
well-defined linear combination of the moments cross section, and we check its
validity for different numerical examples. We find that if the relaxation time for
the even part is smaller than the corresponding one for the odd part and if the
initial distribution has a narrow peak, then the Tjon effect exists for the com-

plete B.K.W. solution (even + odd parts).

KEY WORDS: Nonlinear equations: Boltzmann equation; relaxation to
equilibrium; spatially homogeneous Boltzmann equation; statistical physics;

microscopic models of cross sections.

1. INTRODUCTION

In this paper (see also Ref. 1) we study the solutions of the nonlinear Kac

model %3
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(C,+v0,) f(v, x, t)

=] To) [T w0 £ 5 0= f(0 5 0) f O 5, 0)] o

(1.1)

v'=vcos §—wsin 0, w =vsin 8+ w cos 0, o(8) =o(—0),

+7
j ¢(0) d0 = o= 1
when the three variables v, x, ¢ are reduced to only two: either v, ¢ for the
spatially homogeneous case or v, x for the stationary case."’ The model,
originally proposed by Kac'® for f(v, t), was extended by Uhlenbeck and
Ford® for f(v, x, t).

Here we are interested in the f{v, ) case. Let us decompose f into its
even f *(v, t) and odd f (v, t) parts with respect to v. If in addition to the
microscopic reversibility property o(0)=o(—6), we assume the special
symmetry o(0)=a(n—0), [e.g, o(f)=const.], then® the odd part
becomes trivial: f~ = f " (v.0)e™’, without any link with the even part.
However the Kac model is more interesting when the odd part is non-
trivial. It has been shown by Ernst™® that the even part has an exact
solution, the so-called Bobylev-Krook-Wu®® solution (hereafter called
B.K.W. even mode). If 6(6)# o(n — 8), then this even mode has a closed-
form nontrivial odd partner and!” a nontrivial solution f= f* + f~
exists for the Kac model

b a3 —5 2
1, z)=£€“"”” [_+b(b—1)v_ ,
2 2 2

-3 _
§ V2 (1.2)

+1 +n
r,,:j (cos 8)" 6 (6) db, az,,zf (cos 0 sin 6)>" o(0) do,

—n

ff \/Be—buz/z dUbe~(104n)r’ b=(1—ce"’2’)_1

6,—T,+1,=0, o=1, O0<c<?

¢ and d being constants adjusted in such a way that f(v,0)>0. We
emphasize that the important new fact is the requirement of a condition on
a(0) for the existence of the B.K.W. odd mode (contrary to the B.K.W. even
mode).

The removal of the assumptions o(8)=const or o(f)=a(n—0)
enlarges the class of solutions. Further it permits the introduction of
microscopic conditions into the problem of the existence of the Tjon'®
effect. When this effect exists, it may produce at intermediate time a pop-
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ulation of high-velocity particles larger than the one present at initial time
or at equilibrium. The B.K.W. even mode alone cannot lead to the Tjon
effect and consequently cannot represent a general feature of the solutions
relaxing to equilibrium (other even solutions exhibit this effect). Adding
just its odd partner, then the Tjon effect can exist.””” Further, the impor-
tance of the effect depends on microscopic conditions. For the same initial
conditions, f(v,0) the Tjon effect is present or absent depending on the
model chosen for a(8).

In this paper we investigate whether or not these interesting properties
are restricted to the odd B.K.W. mode or exist for a general class of non-
trivial odd part, '~ (v, ). We give up the search of exact solutions, do not
retain the special symmetry (/) =o0(n—0) and try to obtain a general for-
malism for the odd part f~. A summary of the present results is given in a
Note.®

In Section2 we establish some general results for the (1+1+41)-
dimensional problem f(v, x, ¢): namely, the equations for the Laguerre
moments (—1)"DE when we expand f*, v7'f~ into Laguerre
polynomials L7 1/2.

In Section 3 we come back to the spatially homogeneous case f(v, ¢},
assuming that /* is given by the B.K.W. even mode and investigate the
possible associated odd part /'~ or equivalently the Laguerre sets (D (¢)).
We first show that if the distribution function is positive at the initial time
and if the even velocity part for all time values is positive (as is the B.K.W.
even mode) then the distribution function is positive at all times.

Second we study the properties of the D, () obtained from integration
of a linear differential system. For n=0,1 they are arbitrary:
D =d, exp(Ey,t), Eg,=—1+1,,,.,<0 and, for n>2 they are recur-
sively determined, integrating either at 1 =0 or co:

D (1) =" [D;(tlim)+ft

D.(t) dt'], him=0 or oo  (1.3)
flim
D, is a linear combination of the D7, g<sn—2, with coefficients deter-
mined by the Laguerre moments of the B.K.W. even mode. D, depends at
most on n integration constants chosen among d; =D, (0) or
—hm,ﬂw[D exp(—Ey,1)]. The two representations are equlvalent
only if D, >0 as t— oo and this result does not hold for all a(8) models.
The general solution is a superposition of simple solutions which are
classified following the properties of a well-defined linear combination of
the moments of ¢(6):

Ban=Tons1—Tons1— (n—N)0o,, O2=Ty— T4 (1.4)
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We obtain simple solutions characterized by two properties: all D
have only one time dependance given mainly by an nth power of ¢~ and
there exists an infinite number of d,; =0 which are computed by only one
or two parameters. We find three classes of simple solutions that we call
fundamental solutions: those with (i) B, #0, Vn, (ii) B, =0 (this family
includes the BK.W. odd mode, (iii) fiony =0 for some N>1 value where
D, can include a product of ¢ by an exponential. In case (i) the d, are
determined by one parameter and in the (i) and (iii) cases by two
parameters. Because, in general, we have no analytical guarantee that these
fundamental solutions correspond to positive distributions, we cannot use
them directly for physical application. However, the fundamental solutions
are the building blocks of the physical solutions.>

In order to construct the physical solutions we restrict our study to
Bon,#0, Vn model. We give as input an infinite number of 4, such that
f(v,0)>0 and we know that f(v, t) > 0. We determine the general explicit
relations which give recursively all the parameters of the different exponen-
tial terms of the solution. These solutions which represent infinite mixing of
class (i) fundamental solutions will be used for the study of the Tjon effect.

Third the construction of ¢(#) models corresponding to the different
classes is given for very simple models.

At the end of Section 3 we establish the sufficient conditions in order
that N,(#), the square of the norm of the solution f~, built up with the
Laguerre series, exists for any ¢ value finite or infinite.

In the last (Section4) we report numerical calculations of odd
solutions associated with the B.K.W. even mode and study the Tjon effect.
In analogy with what was done by Hauge and Praestgaard"'! for the
Maxwell model with an even distribution, one can define a criterion
explaining quite well the existence of the effect. Let us define the reduced
distribution F{v, t)= f(v, t)/f (v, o0), assume that the odd part f~ has a
nonzero Laguerre moment D, and compare, when both |}, ¢ are large, as
a first approximation, the contributions coming only from Dy (¢), D5 (¢),
the first odd and even Laguerre moments. One finds in this rough estimate
that F—1 is proportional to

F—1~—U— (—17ead) D —(() 1/v%\? (=t7even) D +(() 1.5
= e p0)+5(5) Do) )

here D5 (0)= —¢% Toaq =To—T1s Teven = 205. U f~ = 0 or Dy (0) =0, then

F—1<0 and there is no effect. If f~ is present, we note that its dominant
behavior is small compared with that of '+ (or |v| <v*), we can think that

2 See the analogy and the difference with the Maxwell-Bobylev even case, Ref. 10.
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there is no chance for the Tjon effect. But if 7,44 < 7..en, and |v|, ¢ large, the
two terms can be comparable and F— 1 can have a zero which moves as ¢
increases. Let us define a criterion

Crit = Togq — Teyen = To — T1 — 20 (1.6)

then for crit<0, F—1 can have a zero moving and we check this
microscopic condition for different models. In an equivalent way we can
speak in terms of relaxation times. If the relaxation time for the even part
(Teven) ! is smaller than the relaxation time for the odd part (t,44) " then
F—1 can have a zero moving. The importance of the effect depends also on
the initial conditions and we check this property.

2. EQUATIONS FOR THE LAGUERRE MOMENTS

Here we look formally at the Laguerre moments for the odd and even
parts of /. Taking into account ¢(0) = a(—8) the equations for the full Kac
model are

+7 + ¢
(600N ) [ () +00, f (@)= db]  dwal(6) S (v)) fT(w) (21a)

(0,4 0oNg ) f~(v)+vd [ (v)

[ Tao [T dwat0) £ 1)
(2.1b)

where Ni =[*% f*(v, x, 1) dv is the local density, o= [*% o(0) df, and
f*(v) are simply written for f*(v, x, £).... We notice that the right-hand
sides of (2.1a, b) are, respectively, quadratic in f* and linear in f .

Assuming that o¢(f)=const, Kac has given expansions in terms of
Hermite polynomials and deduced the system for the moments. Ernst,® in
the homogeneous v, f case, with the help of the Fourier transform, has
given the equations for the Hermite moments. Here, for the full v, ¢, x case,
the gradient term vd, being present, we establish directly the equations for
the Laguerre moments. We need, on the right-hand sides of (2.1a, b), a for-
mula giving directly the integration of the product of two Laguerre
polynomials in terms of Laguerre polynomials. Let us write

1 - ’
T ey (—1)" D3 (x, 1) LY (%) (2.2a)
A

S x )=

27'( 0

f (v, x, )=

<0 2
ve "2 (=1)" D (x, 1) L2 (%) (2.2b)
0

T

4
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A being some normalization constant that we can choose at our con-
venience. We substitute the expansions (2.2a, b) into (2.1a, b). In order that
the collision term reproduce Hermite polynomials, Kac has introduced the
“Boltzmann bracket.” Here for the right-hand sides of (2.1a, b) we need
[especially for (2.1b)] the corresponding results for the Laguerre
polynomials (see Section Al):

o (0N L <w’2 v’2> dw
L wip -2y (V) peanen (V) 2V
L. <ﬁ> A N NG
v\’ : v?
:\/; <ﬁ> C?, ,(cos )%+ "(sin §)* L M2+m <7> (2.3)

where 1 =0 for L{~1? or n=1 for L{/2). It remains to expand the left-hand
sides of (2.1a), (2.1b), respectively, in terms of L% LY% We find (Sec-
tion A2)

0,D}¥ +240.[(n+1/2)D,” +nD,, 1=Y D/ D;_,CiB, (24a)
0

n+1 n—gqg*gn

9D, +27'0,DS +D}, )= CiD: Dy E, (24b)
0

with B ,, E,, defined by

qns

Bp=| 0(8)cos@" 9sin6*d,  Bo,=| o(6)(cos 6™ ~1)do
(2.5)
+7n +r
E =f o(8) cos 82~ 9+ L sin 674 46, E0n=j (0)(cos 67+ — 1) df

—T -7

qn
— 7 — T

In Eq. (2.4a), because By,= By, + By;, the right-handside for n=0, 1 are
zero. We find 0,D +40,Dy =0 and 4,D; +240,.(3D; + Dy ) =0 which
corresponds to conserved quantities.

3. ODD W.K.B. SOLUTIONS

3.11. General Considerations
We restrict our study to the spatially homogeneous case and show
recursively that f(v, 1)>0 if® both f(v,0)>0 and f*(v,t)>0. Putting

3 We believe that the first condition is sufficient (see the standard argument?)), but are not
aware of a rigorous proof.
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N{ =11n (2.1a, b} we obtain linear integral equations either for f of f~
with £ e =9 as kernel

S, t)=e""f(v,0)
+[ar j” 0 6(0) jm dw e = £ (o, 1) f(u, 1) dY

— 7 —

Iterating, we find f(v, 1) =32 f")(v, 1) with f(0)=e " f(v,0) >0,

+

(0, 1) = L e =0 gyt Jf o(0) db j Cdof (@, ) fO W, 1) >0

it >0

In particular this positivity property holds if f* is the B.K.W. even mode
(1.2).

All the proofs of this section are based on properties which are
deduced from the positivity of o(0). We define z=cos 6 and study linear
combination of moments t,, which can be written j *2df o(0) g(cos 0) and
have a definite sign if g(cos #) has a definite sign for |(cos 8)| < 1:

byn=Ey—(n—plo,<0 for p<n, O, =Ty— T4 (3.1)

Due to o(f) >0, we have 6,>0, —Ey, =19~ 14,,1>0
ﬂp,n:EOphEOrl—(n—p)O-Z

:T2p+1_fzn+1“(n_P)(Tz_Tzi)’ p<n (3.2)

Bon—Bon1= —| 0(O)(1=22)23(1 =227~ 271) d <0, V22

IfB,,. ,<0—p,,<0,Yn=2,Yn>p+2
5,,,1,”:—fo(e)zzu—zZ)(l—22”’*”“+1—22p+1)d0<o, ¥p>1

(33)
Boneo if p=ln=p+2

Bon =J a(B)(1 —z*)[z+ z* + z2"~ ' — nz?] can vanishes, Vnx1

Bos1—Bon= —JG(Q)(l—22)22(1—22”")d0<0, Yu>1

If fox=0-f,,<0, Vu>N, VN> 1

Brpri=—|a0) 20 -2)1-22")<0,  vp=1  (35)
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In Section 3.2 we study the properties of the odd Laguerre moments D,
solutions of Eq. (2.4b), assuming that we know f* or the set (D}). For
n=0, 1, the moments D, have the form D =d_e*°"’ in which d; are
arblrary For n>2 we ﬁnd these moments by 1ntegrat1ng (2 4b). Let us
define D, and introduce the integration constant d; or d, at zero or
infinity by

n—2
D,=e*™' % Dt D E, ,,Ci
[}
D;(t)=eE°"’[d,," +f Dn(t')dt'] (3.6)
0

D (1) = efont [&ﬁ’ D,(t') dt’] (3.7)

Choosing for f* the BK.W. even mode written down in Eq. (1.3) with
b=[1—ce ]! and substituting the corresponding D} =
(—c)(1 —g)e™ %" we find

n—2
D,=Y e tr—oatfudn  p-(r) (3.8)
9=0

with 4,,=(-C)""‘(1-n+q)CIE, ,,. The validity of (3.7) requires
D, 0 as - oo, Tf this property holds then b,=d; + (¥ D,(2) dt. D'
depends upon # arbitrary constants, that we can choose from the 4, d,,
p<n—2. Note that for n=0,1 we have d =d,. If we retain only one
d,#0 or one d; #0, let us say for n=N, then we define a particular
solution. However, for the solution d;, with N>0, f~ dominates over '+
and f violates posivity for large v.

Let us choose d,#0 only for n=N and iterate (3.7) for n = N+2.
Taking into account (3.8), we can integrate up to oo only if §4, <0. From
the results (3.3) and (3.4) we can integrate for any N >0, and consequently
N=0 gives a particular case of these solutions. These d, solutions have
time dependance given by only one exponential term. Another simple
family of solutions deduced from (3.7) is d,#0 for n=0,1 and B, =0.
Indeed, because of (3.5), in that case, we have f,, <0 for n>2, and these
solutions depend on two parameters, but still one exponential time term for
the D (). On the contrary if Boy =0 for N>2 then D, — const as t » o
and we cannot continue to use the representation (3.7) to seek simple
solutions. If instead of (3.7), we start with (3.6), we can extend the
existence of simple solutions for other S, values. We shall define as fun-

damental solutions the sets (D =e“**)(d~ +td,)), which for all n values
contain only one exponential time term.
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In Section 3.2.1 we investigate the first possible D solutions of (3.6)
for n< 4. In Section 3.2.2 we define three types of fundamental solutions or
of sets (D) for n>= N with N> 0 a fixed integer: (i} those for S,y =0 Vn,
(ii) those B, =0, (iii) those with f,,=0 for N>1. [In case (i) the
solutions depend on only one parameter, d, ; on two parameters, dg , d;,
in case (ii); and on d;, dj in case (iii).] Howwever, in general (except the
B.K.W. odd mode), the associated solutions f~ cannot be written down in
closed form and consequently we cannot control analytically the positivity
of f(v, 0). A priori it is not excluded that, similarly to the Maxwell-Bobylev
case®% all the fundamental solutions (except the BK.W. odd mode)
violate positivity. Because we have no guarantee of the positivity of these
solutions, they shall not be used for the construction of the physical solutions.
In Section 3.2.3 we construct the physical solutions which will be used for
the study of the Tjon effect.

In Section 3.3 we give examples of ¢(8) models and in Section 3.4 we
study the existence of the solutions v '/~ in the Hilbert space spanned by
the e ~*/2LY2(%/2) orthogonal functions.

3.2.1. Explicit Solutions for the First D; Moments. In
order to avoid divergences when ¢ — oo we choose Eq. (3.6) starting at
t=0. For n<4 and arbitrary initial data and o(f) we determine the first
moments D, . We discuss different possibilities coming from particular
choices of d, and o(6). The study is done in Appendix Bl.

3.2.2. Determination of the Fundamental Solutions. The
method is straightforward. We assume an ansatz for each family and
relations that we verify for small n values, substitute into (3.6) and (3.7) for
g<n—2. We identify the left- and right-hand sides, reconstruct D, and

verify that both the ansatz and the relations still hold for general n. The
study is done in Appendix B2.

3.2.3. General Solution with Only Pure Exponential
Terms. We restrict our study to o(f) models such that f,,#0 VYn>2.

The general solution is a superposition of the solutions of class (i) and
iterating Eq. (3.6) we easily see that it is of the type

n—2
D, =e""ag,+ Y a,, ™,  b,,=Ey,—(n—m)s, (3.92)
0

Our aim is to determine the parameters a,,, from the initial conditions
f (v, 0) or equivalently from the set (4, ). We substitute the ansatz (3.9a)
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into Eq. (3.6) for all », integrate (recall 8, # 0 Vn = 2) and identify left- and
right-hand sides. We find a linear system for the a,,,,:

n—2

oo = d67 oy = d;a Apy + l,nﬁm,n = }“znnaOm + Z )“qnaer l.g
g=m+2

n—2
am=d; — Y, @1y m=01.,n-2 (3.9b)
0

This very simple system for the a,, _,, can be solved either at » fixed or at
m fixed. At n fixed, in the standard manner we determine recursively firstly
n=2,secondly n=3,..,n—1, n. At m fixed we determine firstly a, , and a,,
from ayg:

n—2

alnﬁO,n:)“Ona00+ Z ;"qnallp ap=dy, —ap
g=2
secondly a,, and ay; from ag;:
n—2
2,1, = A1) + Z /lqnazq, A3 =dy —a;3—ay
g=3
thirdly a;, and a,, from ay,:
n—2
a3nﬁ2,n21’2na02+ Z ]’qna&lq’ a()4:d47 — Q14— Uy — Ay

9=3

and so on. This second method is more convenient for the numerical
calculations. The general solution D, (¢) has at most # arbitrary constants
d,;, p=0,1,.,n, but this number can of course increase with #. On the
contrary one can mix two, three... fundamental solutions of class (i) in such
a way that the solution has only two, three... arbitrary constants. These
mixings are obtained as particular cases of the general solution
Eq. (3.92, b). In Appendix B3 we study the mixing of two solutions N,, N,,
N <N, with two arbitrary constants d, dy,. The solution for n> N, is a
sum of two exponential terms of the type exp[Eqy, — (n— N,)o,]f and
exp[ Egy,— (n—N,)o,]t. Further let us require that the time dependence
has one term for each n value. For n=N, we must have Dy =dy,
exp[Eon, — (N2 — Ny)o,Jt=dy(exp Eon,t) 0o By vy =Eon, — Eon, —
(N, — N;)o,=0. Owing to the results Eq. (3.3)—(3.5) we know that this is
possible only for f, ,, =0 and if we exclude N, >2 which corresponds to
class (iii) we see that the only possibilities are ff,; =0 or the class (i) with
two constant d; , df .
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3.3. Examples of o(6) Models

In Appendix B4 we construct very simple o(#) models corresponding
to B, #0Vn, By, =0 and B,y =0 for N> 2.

3.4. Existence Proof for the Odd Laguerre Series

We recall that v =! f ~ is written as a sum of Laguerre polynomials and
the square of the norm of the solution is

I(n+3/2)

No(t) = X1, (0F o=

The details are given in Appendix C; we obtain two main results. The most
general one is the following:

Nyt)<oo  if Ny(0)< a0, [e| <1, and [ﬂcos 0] df < oo

We note that the constraints on the BK.W. even mode, the o(f) and
S (v,0), are very weak. However, the complete solution (even + odd)
relaxes toward a Maxwellian as 1 — co; there must exist another result say-
ing that N, —0 when - o0. We recall that —E,, >0; let us assume
inf,(— E,,) #0; then one shows that N,(z) — 0 when ¢ — co.

4. ASYMPTOTIC BEHAVIOR, TJON EFFECT,
AND NUMERICAL CALCULATIONS

4.1. Tjon Effect

An important property for the existence of the Tjon effect is the
following. Let us call v_(0) [v,(0)] the last negative [positive zero] of
Flv,0)—1 where F(v,1)=/(v, 1)/f(v, 0) is the reduced distribution
function. If the effect exists, then as ¢ increases the zero v_(t) [or v, (¢)]
moves toward —oo (or +o0). Consequently at intermediate times
0 <7< o0 we can have a population of high-velocity particles larger than
the ones present (with the same velocity) at t=0 or at equilibrium. The
displacement of the zero will depend, as we shall see, on conditions on
a(0). However the effect really exists only if the F>1 values are substan-
tially larger than 1 and this last condition depends on the initial conditions on
f(v, 0).

If the B.K.W. even mode is present alone, then the Tjon effect does not
exist because we know"® that F< 1 for v*/2 > 4. Consequently, if the effect



192 Cornille

exists, it must result from a competition between even and odd parts f*. In
order to study the moving of the zero toward infinity, we shall define a
criterion, using ideas similar to those presented by Hauge and
Praestgaard'!) for even distributions alone. Let us retain in the Laguerre
sums the contribution coming from the first terms Dy, D L{+12)
Dj L;'2. Consider ¢ and |v| large, L2~ (—0%2), L;"?~(1/2)(v*/2)%
and obtain the rough estimate

2 2 2\ 2
F—1~ v <d0—e—(rofl)t+d1—e*(ro\ra)l%_+ ...>_§_6262f(2_> 4o

2 2
(4.1)

S

where DS = —c% > for the B.K.W. even mode.

(i) Let us further neglect d;”, which means that we retain for f* only
their first Laguerre terms Dy, D

(tp—t1—202)1 7,2\ 2
F—1 9_% e (=) [do_ sign(v) — ¢* ¢ (Z-) :I (4.2)

vl /2 \2

If dy sign(v) > 0, the bracket in Eq. (4.1) will have a zero increasing when ¢
increases if ¢(0) satisfies the criterion

Crit=t4,—1;—-20,<0 4.3)

In order to study the validity of this crude criterion, we shall investigate
classes of ¢ models (Section 3.3) where either the criterion has always the
same sign or a transition occurs for which criterion changes sign. In both
cases we shall check whether or not there is a moving of the last F— 1 zero.
For instance if ¢ = (1/2)[6(6 —0,)+ 3(8 +6,)], z=cos 8,, we find crit=0
for z~0.565. For ¢ models of the Eq. (B.7) type and f8,, =0, the transition
(crit =0) occurs for z; ~0.707. On the contrary for the models of Egs. (B8)
and (B9), crit > 0.

(ii) At higher order of approximation we can try to introduce con-
tributions from other Laguerre moments. This is of course necessary if Dy
or D is zero. If dy =0, then Eq. (4.2) is replaced by

F—1 :———|UI3 g~ (o) [a’; sign(v) ——62 (U—2>2 e(’("”"z"”’] 42"
2./2 V2P \2
crit’ =1, — 73 — 20,, zero moving if crit’ <0, d; sign(v)>0 (4.3)

If di #0, in the bracket of Eq.(4.2’), we have a supplementary term
et~ ™(2/p?)d, sign(v) that we must compare with the di term [7,> 15 or
T3> 14, sign(dy di)].. and so on if we iniroduce other moments.
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Our purpose here is to use the criterion Eq.(43) as a
phenomenological tool in order to test the main features of the effect,
although we are well aware that a more complete analysis must include
other Laguerre moments.

Concerning the importance of the initial condition we remark that the
B.K.W. even mode f*(v,0) has two symmetric bumps and we shall see
that the best effect is obtained when one of the two bumps disappears more
or less.

4.2, Solutions Given by Initial Conditions

We choose the initial conditions [or the sets (4 )] such that f (v, 0)
is a closed expression for which we can directly check the positivity of the
sum f (v, 0) + f (v, 0). We assume that the class of ¢(6) models belongs
to class (i) where the associated solutions are superpositions of pure
exponential terms. From the general formalism of Section 3.4
[Eq. (3.9a, b)] we can compute all the coefficients a,,,, b,,, of the solution
at 1#0. The simplest example is obtained by a sum of two exponentials:

ro-[si(3) nc]

v & Hi —v’C;
BT K el @4

but of course other closed (v, 0) are easily constructed.

4.3. Numerical Calculations

Starting with solutions (d;) such that £~ (v, 0) are closed expressions
and reconstructing the solutions at #>0 with the general formalism
[Eq. (3.9a, b)], we can at =0 both control the positivity f(v, 0) and the
convergence of the Laguerre series for . Owing to the product of v by a
finite number of Laguerre terms Y (—1)"LY*(v*/2)d, , the convergence
becomes very poor when |v] is large and we need 50 Laguerre terms for
reproduce correctly the solution |v| <7. For ¢>0, the convergence is
slightly better and works for larger |v| values; this is due to the existence of
exponential time-decreasing terms, but the previous problem is simply dis-
placed to higher |v| values. When the initial conditions correspond to the
B.K.W. odd solution [¢; =¢, ¢,=u,=0 in Eq. (44)] we can test the con-
vergence of the Laguerre series for 7> 0.

From our theoretical analysis, conditions on ¢(8) and f (v, 0) con-
trol, respectively, the displacement of the last (F—1) zero and the

822/39/1-2-13
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possibility of substantial F> 1 values. The Tjon effect is obtained with the
most favorable conditions on both ¢(0) and f ~ (v, 0). In order to test these
ideas we consider f (v, 0) given by (4.4) and two classes of ¢ models:

(i) a(e)% f AL6(0—0,)+8(0+0)], cosb,=z, ty=1 (45)

i=1

For M =1, the transition (crit=0) occurs for z,=cos 8, >0.56. In
Fig. 1 (crit= —0.242) the conditions on ¢(f) and f ~ (v, 0) are favorable for
both ¢ and f ~; in Fig. 2 (crit =0.331) only for f ~; in Fig. 3 only for ¢; and
in Fig. 4 neither for /= nor for o. It is remarkable that in Fig. 3, where
f (v, 0) is very small we still observe the displacement of the zero [in
accordance with the criterion of Eq. (4.3) which is independent of f (v, 0)]
but the F> 1 values are very close to 1 and we conclude in that case that
the effect does not exist. Now we still try to improve the ¢ and f (v, 0)
conditions. In Fig. 5 f ~(v, 0) is the same as in Fig. 1 but z; = 0.9 instead of
0.75 far away from the transition value, although crit= —0.207 has a
smaller modulus value. In Fig. 6a,b) where we observe the best effect,
z;=0.9 is the same as in Fig. 5 but we improve the /'~ (v, 0) conditions by
choosing a narrow peak. For this M =1 case the normalization ¢ =1 fixes
A=1 and we have only one parameter. The criterion Eq. (4.3), crit=
(1 —2z,)(1 — 22> —22%) has only one zero value: z, ,,;, ~0.56 and for |z,| <1
we observe the validity of the criterion for the moving of the F— 1 zero.

F(v,t)

0 :Z4=075
.0 =05
f7:0=05 (3=2/3 py=-1 y,=05

t=10 /{:5

1 ! !

6 -5 -4 -3
Fig. 1. Plot of F(v,?) vs. v for ¢=0.5; ¢,=0.5, ¢, =2/3, y;= —1, n,=0.5 in Eq.(4.4),
z, =0.75 for ¢(8) in Eq. (4.5), crit= —0.242,
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Fiv.h)
2
0 Z;=04
0 =05
f7:0=05 §=2/3 py=-1 pp=05
15

Fig. 2. The same as Fig. 1 but z; =04, crit =0.331.

Fiv,t)
2__
a:2,=075
f*:C =05
F 0 =05 (=2/3 py=-01 y1y=005
15+

t=200 - S
%0 S
~
N\
b5 7 t=0 NS
V
1 ! 1 | 1 . 1
-6 -5 2 3 4 5 6V

Fig. 3. The same as Fig. 1 but g, = —0.1, u, =0.05, crit = —0.242.
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Fiv.h)
2+
¢ Z1=04
fr:C =05
f7: =05 (=2/3 py=-01 p,=0.05
151

\ \\\
\\ <
N5 N t=10
AN
\ N
N\,
N
|\ 1 1 1 L 1l

Fig. 4. The same as Fig. 1 but p, = —0.1, u4, =0.05, z, =04, and crit =0.331.

0'221:0.9
fr:C =05
f:0=05 =2/3 py=-1

Hp=0.5

Fig. 5. The same as Fig. [ but z, =0.9, crit = —0.207.
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Fiv, Fi=Flv, 1)/ Fiv,=)

0:2,=09
£:C =05
702043 (=069 py=-1035 yy=03

151 e T
/v T T ORTITS T
e - B e SO
// ; // - B
/ / // // \\\\\\E\\\"
1 / / / 4
7 7
/ / /
/
N=3 /7 //V=-6
/ // /
/ // /
05 F /s
;S
/ /
/ /
/7 /
i 1 | 1 | I
0 5 1 15 20 25 30 ¢

(b)

Fig. 6. (a) Plot of F(v, 1) vs. v for ¢ =0.5; ¢; = 0.43, ¢;=0.69, uy=—1.035 4, =03, z;, = 0.9,
crit= —0.207. (b) The same as Fig. 6a but plot of F(v, 1) vs. 7.
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4!
14
N=1/2 Ap=1/2
05
| |
-1 -05 0 05 = 41

_0.5_

-1

Fig. 7. Plot of the |z;| <1, |z,] <1 domain where crit <0 (dotted region).

Fiv.t)

(=}

Th=hp=1/2 74209 Z,=08
f:C=05
1 (=05 [=2/3 py=-1 =05

Fig. 8. Plot of F(v,t) vs.v for ¢=0.5, ¢;,=0.5, ¢,=2/3, u;=—1, u,=0.35 in Eq.(4.4);
2z, =09, z,=0.8, 2y =4, =1/2 for o(f), crit = --0.2343.
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For M =2, we have three parameters A,, i,=1—4,, z,, z,. In Fig. 7
we choose 4, = 4, and the dotted region represents the z,, z, domain where

1 2
critzz Y (1—z)(1—-222—-223)<0
i=1
We still verify the moving of the (F— 1) zero, only in this dotted region,
and in Fig. 8 for z; =0.9, z, =0.8 we see the Tjon effect:

M
(i) a(B) :%cosg Y A{cos 8, To=1 (4.6)
i=1
For these smooth a(8) cross sections we have to take more terms, in order
to observe the transition where the criterion changes sign and has
appreciable negative values. For M =1, i;=1, to—1,—206,=26/63>0
and in Fig. 9 we see that the F—1 zero is moving and though we choose
for £ (v, 0) a favorable narrow peak, there is no effect. For M =2, 1, =
3(1—J,), we have one parameter 1,. g(0) > 0 requires 0.75 < 1, < 1.5 and in
this interval the values of the criterion remain positive. We observe neither
the displacement of the zero, nor the effect. For M =3, (7/15),=
1— 7, —4,/3 and we have (two parameters. g(#) > 0 gives a domain into the

TF(V,H

ff*:C=05
f700=043 (=063 py=-1035 pyp=03
crit. = 0.412

2
‘» g=1/bcos 0/2

Fig. 9. The same as Fig. 8 but o(f)=(1/4)cos 6/2 in Eq. (4.6), crit =0.412.
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41, 4, plane. Finally the vanishing of crit = 1,(26/63)— (743/30(105)] 4, +
A;[3986/(33)(13)] gives two subregions where crit >0 or <0 (dotted region
in Fig. 10). In both subdomains we do not observe the Tjon effect if the
zero moves, it moves slowly but still more slowly when crit > 0. Let us con-
sider the same f (v, 0) as in Fig. 9 and compare the zero v_(¢) for two
cases: 2; =02, 4,=09, crit= —0.0179 and 1, =0.32, 1, =0.9, crit=0.0116.
In both cases v_(0)~ —2.2, whereas v_(50)= —4.4 when crit<0 and
v_(50)= —3.2 when crit >0. The drawback of the criterion is explained
here by the fact that the modulus values of the crit < 0 are small, less than
0.018. For M =4, we have one more parameter at our disposal and we find
larger negative values for the criterion. We observe both the moving of the
F—1 zero and the Tjon effect [see Fig. 11 with a narrow f(v, 0) peak].

0.95

0.90

0.85

0.80

0.75 i 1 | .
0.1 0.2 03 0.4 0.5 A

Fig. 10. Plot of the 1,, A, region where ¢(8) >0, to=1 and crit <0 (dotted region).
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Flv,H)

2 _ _ _ _

0 hy=078 X,=055 Ry=119163 A,=0.71
f:0 =05

02043 (=069 py=-1035 py=03

—_ t=30
~~ =20
~N
~
M i ]
5 6 7V

Fig. 11. The same as Fig. 9, but 1,=0078, 1,=0.5 1,=11916, for ¢(8) in Eq. (4.6),
crit = —0.075.

4.4. Linearized Versus Nonlinear Formalisms

In the linearized version of the Kac model, the Laguerre moments
are: Df =1, D} =0, Df=dfe?, Dj=dife ™, DI (t)=
d;} exp[(Bo,+ B,,)t]; D (t)=d, ™" For the first moments D}, n<3,
D, n<1, these moments are identical with those of the nonlinear for-
malism. Consequently the discussion of the asymptotic behavior of the
solutions, provided only these moments occur, is the same in both for-
malisms (for instance the definition of crit and crit’).

However let us remark that while the positivity of 6(#) alone allows in
both formalisms to prove that the D}, n>3 decrease faster than D, a
similar property for D, compared with Dy, D is not so obvious [owing
to the nonpositivity of the odd o(0) moments which enter into E,,]. More
explicitly one can prove (similarly to what was done for the Boltzmann
equation with Maxwell interaction’*’) that the full nonlinear D; decrease
at least like exp(B,, + B,,)1, i.e., the lincarized ones; and secondly (Appen-
dix D) for n> 3, exp(By, + B.,)? decrease more than exp(—3o0,¢). On the
contrary for the odd part, in the linearized case, D_ /D, =
(d, /dy )exp[ — (1, —15,41)t] and the moments 1, —1,,,,; do not have a
definite sign.
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5. CONCLUSION

The aim of this paper was twofold. First we wanted to show that the
closed B.K.W. odd mode!” was not the only nontrivial solution f * that we
can add to the B.K.W. even mode f*. We have developed a general for-
malism that constructs time-dependent £~ (v, ) from any /'~ (v, 0). We have
seen that the condition 7, —t;—0,=0, necessary for the BK.W. odd
mode, was not essential, but the crucial constraint is the microscopic one,
o(0) # a(m — 6). Let us notice that the special symmetry o(0) = o(n — 8) has
no physical basis in a one-dimensional velocity model, like the Kac model,
and that it was previously introduced™ in order to simplify the formalism.

Secondly we wanted to verify that the particular properties” found
for the Tjon effect® were not restricted to the B.K.W. odd mode. The
B.K.W. even mode alone, /", cannot exhibit this effect and consequently
cannot represent a general feature for the relaxation to equilibrium of the
Boltzmann equation. At least for the Tjon effect this drawback disappears
for the complete solution f* — f~ if we add for f~ either the B.K.W. odd
mode or the odd solutions /'~ studied in this paper. More generally, from
this paper, it is clear that this effect cannot be well understood without the
introduction of the odd part £~ into the discussion. Let us briefly recall the
Hauge—Praestgaard'" argument for an even velocity distribution f* (v, 1)
alone. For the reduced distribution F*(v% 1) = f " (v% t)/f T (v?, ), concer-
ning the relaxation toward equilibrium one can, in a rough estimate, retain
the contribution of the first Laguerre moment D () = d; e 2" and for v°,
t large obtain F* (v?, 1) — 1 ~(ds/2)e***'|v*/2|% Only two possibilities can
occur: either di >0, F>1 and we have the Tjon effect or d;" <0 and we
have no effect (as is the case of instance for the B.K.W. even mode). Of
course, in particular cases, corrections to this criterion can be necessary; for
instance the third Laguerre moment can be the dominant one."'> In
general it is difficult to justify mathematically the Hauge-Praestgaard
criterion; however, it is a very good phenomenological tool.""*) Let us now
introduce the odd part f~ and similarly retain the first odd Laguerre
moment d; e ™" For ¢, |v| large we find

’ e(Todd—reven)f]

F(v, t)—1 :—'—l—)-[— e Todd? [sign(v)do‘ + 41
R VAL
With 7,49 =1Tq— T;, Teven = 20,- We define crit =17,44 — Toyen = To — 71 ~ 275
and we have three possibilities:
(i) crit>0, df >0, then F>1 and we have the Tjon effect.
(il) crit>0, df <0, F<1 and we have no Tjon effect.

(iii) crit <0, then F—1 will have a zero v(r) moving along the v axis
sign(v)dy dy” <O0. The effect will exist if this zero, at =0, is at the border

1_72

2
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of a sufficiently narrow peak such that for >0 the peak will spread out
with appreciable F'> 1 values. [Of course it can happen that d; =0 or that
the dominant contribution is given by D;(z) and we must consider
To—T3— 205,... and so on.]

In this paper, f* is the B.K.W. even mode, d; = —c? and we have
only verified the possibilities (ii) and (iii) for d;* <0. It remains to check
the correctness of this analysis, of the Tjon effect, for f* (v, 1) solutions with
dy >0.

If we introduce the relaxation times: Teyen = (Toven) ! and Ty =
(Toga) " of the even and odd parts of F— 1 the above discussion can be
repeated. If 7,44 is smaller than 7., then the even part always dominates
and the effect exists or not depending whether d; is positive or negative. If
To4q 18 larger than T,., then there exists times ¢ and velocities v where the
odd and even contributions are comparable and the Tjon effect exists if the
initial conditions are favorable or equivalently if the distribution has a
narrow peak at r=0.

Let us recall that in the conservation laws j fdv and j fv* dv, only
S (v, 0) contributes, both f ~(v, 0) and ¢(8) are not present. However, for
a given /" (v, 0), in the possibility (iii), we can always manage f (v, 0) and
o(B) in order to find a narrow peak for f(, 0) and the constraint
To— 1y — 20, <0. From the above analysis of the different possibilities, then
Jor any given f* (v, 0) we can always find macroscopic conditions of f (v, 0)
and microscopic conditions on o(0) such that the Tjon effect exists.

Finally we notice that the discussion of the asymptotic behaviors of
the solution (existence or not of the effect) occurs with the first moments
Dy, Dy, Dy, Di. All these four moments, satisfying linear differential
equations, are identical with those obtained from the linearized version of
the Kac model. Consequently the discussion and the criterion are the same
in both nonlinear and linearized formalisms. However, owing to the non-
positivity of the odd moments of ¢(6), the comparison for higher odd
Laguerre moments is not simple.

—1

APPENDIX A

A1. We want to prove the formula

oc rNT 72
e
' 2
—\/_<\/_> (LN{;)’,;!)(cosH)zp“L"(sinH)ZP'L;;%/Z*”’(%) (A1)

u>0,n=00r1, v'=vcos@—wsinf, w =wvsin 0 + w cos 0.
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Using the classical results for the Laguerre L*!Y? and Hermite
polynomials

(—1) Hay o (x) = X127 F1LL12 (2) (A2)

q
H (o x +ayx)=¢q! Y afad P H,(x,) H, ,(x,), wt+ai=1 (A3)

p=0
j\ e~ H,(x) H,(x) dx=n"22"p! 5, , (A4)

min(p,p’)
r!(—Z)'C;C;,Hp,,(x) Hp;,(x)=Hp+pf(x) (A5)
r=0

With the help of (A2) and (A3) we find for the Laguerre polynomials

< v )ﬂL(mm <v’2> (—1)” (2p+1)! 227 (cos B)7(—sin g)+1 7
P

o _

pw) 2%t pl =0 (pD2p+n—py)

x H, (ﬁ) Hyro s (—\%) (A6)

L1/ (wz) _ (—l)p' (2p')! %2 (sin 9)pi(cos 9)2,;;,,;
P’ 22 (p') yio (PO (2" = p))!

() w

In order to obtain the left-hand side of (A1) we multiply both (A6) and
(A7) by e */#u~V2 integrate over w from —oo up to +oo, and the
orthogonality property for the Hermite polynomials gives the restriction
2p' — pi=2p+n— p,=p,. Consequently the left-hand side of (Al) is

cos 0 2p+1 Sin@ 2p’ inf(2p + #,2p")
( P ) (T) ﬁ[ Z (_2)pchﬁ+ﬂC§3’H2p+n7pz

(p)!p! p2=0
v v (—1)r*”
X <ﬁ> HZp/fpz (ﬁ)] W——n (AS)

From (AS5) we see that the bracket is just Hy, , . ,(v/x/u) and, with the
help of (A2), (A8) is just the left-hand side of (A1).

A2. We deduce from Egs. (2.1a,b) the system for the D} when
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[T, uf ~ satisfy the expressions (2.2a, b). With the help of (A1) we find for
the right-hand side of Eq. (2.1a):

—02/2 n
(—;qu;l/z)(_n" Y D;D,,tqc;gja(e)cos 0%(sin 6)>" 9 dd  (A9)
n 0

g=
For the second term at the left-hand side of (2.1a) we use the relation
xL1P(x)=mn+32) LV (x)— (n+1) L{3Y?(x) so that the whole left-
hand side reads

e~ )

3
S (12 @ oopg vy 420, (n43) 0 407 ) |

With the help of (A1) we find for the right-hand side of Eq. (2.1b)

Ave "7 " ,
G (LR T Cap, Dy [ (0) cos 62—+ sin 2 dp
n " g=0

For the second term at the left-hand side of (2.1b) we use L{ V?(x)=
L!?(x)— L} (x) and obtain for the whole left-hand side

ve V2 .
Gy L (I LPL@ 4 6N 1Dy 248D + D))
APPENDIX B

B1. First D; Moments. As n increases the number of different
time-dependant terms for D increases too. However, for particular initial
data and o(6), D, has only one term, which turns out to be essentially a
power of e~ ?*". We use it with Eq. (3.6) starting at r=0.If Dy, =0, D =0,
they are arbitrary while every other moment D, is recursively determined
from D, q=0,.,n—2.1f Dy =0, then D and D, are arbitrary, and so
on. For n=0, 1 we have d; e *®" and d[ e ", which are the first terms of
family (i) for N=0 and 1. If we want to obtain the second term of (ii) we
must require D ="~ or the relation Bo, = Eg—0,— Ey =0
which from Eq. (3.4) is possible. For n=2 we have two possibilities:

. Aopdy A
Dzzeb(’z[[d2~ 05 0 ]+€b0‘ztﬁd(;= ﬂo,z?éo
0,2 0,2

Dy = 02004 1 1@, dy=Apdy,  Por=0
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(@) Py, #0. The general solution has two terms but if we require
dy =(Aoo/Bos)dy then Dy =e'®=292!g= f further d = 0 we find the two
first terms of family (i) with N=0 (if d; #0, then D; has two different
times terms except in fo; =0). If further i #0 and $,, =0, then f,,#0
and we have the three first terms of family (ii).

(b) Bo,=0, then necessarily B, #0 [see Eq. (3.4)] and we have the
two first terms of family (iii) if d; =0.

For n=3, recalling that §, ; %0, we still have two possibilities

L Aad, L ebmid~
Dy = gE» <d3_ Z __’_”_%__1”_)_;_ Z m for s #0
m=0 m,3 m=0 :Bm,3
l — —
D3=e(E°°'3"2”<d3— ELT +t/10’3d0”>+e<E°12"2)’/1————-1’3611 for fo; =0
[))I,3 B1,3

(a) Pos#0. The general solution has three terms but if we require d; =
Yo (Amsd,/Bs)then Dy =3} exp(b,3t)(A,3d;/B,s). If further di =0, then
Dy =exp[(Eg—30,)t]d; a number of the family (i) with N=0.If d; #0
but S5 =0, then fo;#0 and bs=FE,—30,; in that case D; =
exp[(Eq—30,)t]d;, a member of the family (ii).

(b) B3 =0 which leads to b= Ey —20,. If d7 =0 we have a mem-
ber of family (iii).

B2. Fundamental Solutions. We seck the particular solutions
[ D, (1)] which for every n have only one time-dependant term. It turns out
that the time appears mainly as a power of e %",

First we consider (3.7), the integral equation with d, as integration at
infinity. We study the simple solutions d,=0 except for n=N, N being
either 0 or a fixed integer. In (3.7) the first D, #0 appears for n=N+2
and the integration exists when ¢ —» oo if fiy v, ,<0. From the relations
(3.2)-(3.5) we know for N >0 that f,,<0 for n>N. For N=0 we must
assume that fy, <0, from (3.2)-(3.5) then the other f,, are negative for
n>2 values. We start with D, =d e =dy e and iterating this term
in (3.7) we find a first family of solutions:

Dy (fy=e™ Mg Bdr= Y J,dy (Pe<0 if N=0)
= (Bla)

Second we use the integral equation (3.6) with integration d, at ¢t =0.
Of course now the integration is always possible. However two different
cases occur depending on whether the integrand is an exponential of a con-
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stant, in the second case a term proportional to ¢ appears. We find three
different possibilities:

(i) I dy=di=--dy =0, dy#0, dy, =0, N=0,12.,
Dy =e®'d | then for n= N+2 there exists a first family of solutions
depending only on one parameter dj, :

D;([) — e(Nozv*(an)o'z)td; , ﬁNnd Z j‘qn p (Blb)

For N =0, we further require that ¢(8) is such that ﬁOH #0 and take advan-
tage of the fact that the sequence f,, is decreasing [Egs. (3.3) and (3.5)],
Bo.. <0 for n>n, as soon as there exists n, with f,, <0. We remark that
(Bla, b) represent the same family of solutions but they are obtained with
different assumptions on f,, for N=0.

There exists a family of solutions, called here (ii), which can
equivalently be deduced from (3.6) or (3.7). It is obtained in (3.7) with
dy#0, d, #0, Bo; =0 and it follows that B4, < 6, but it can also be obtained
from (3.6). :

(i) If dy #0, di #0, By, =0, or o,=1,—1;, then there exists a
second family of solutions depending on the two arbitrary parameters d; ,
dr:

Dy (t)=eBo—mdid-Nn,  d B,= Z Agdy,  n=2  (B2)

0,=1,—13, fop= —(n—1)1 +n15—1,,,,. The relation d; = —cd; leads
to the B.K.W. odd mode:
n—2
dr = —Cd; —d; =(~1)"C"dy with the identity $,,C"= ), (—1)¢4,,C?
g=0

(B2')

(i) Ifdy #0,df =0,dy #0, N>2, fox =7, —Tan 4 — No, =0 then
we find a two-parameter family of solutions

D;:e(EOO‘""Z)’(d‘thc:i ); dy arbitrary, 6:10:0; 1<n<N-1, dy=0
n—2) d- = =

d;: Z Zan7q dnzo, d; atbitrary, ~ Z ;qn q °
o Bon (B3)
NS Agn et
n=N+1, dy,,= Z Ay
Bon+i
= =2} x =
dy, =0; n=N+2, d;—}: "”d“ —d,, dn=2—ﬂdq
ﬂOn 0 ﬁO,n

Here also due to 3y =0 we know that no other f,, can vanish.
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B3. Mixing Fundamental Solutions. The mixing of two fun-
damental solutions N, and N,, N;<N,, of class (i) with two arbitrary
constant dy,, dy, can be obtained as a particular case of the general for-
malism Eq. (3.9a, b):

n—2
D (t)=e""ag,+ Y a, ., elfom=mmal (B4a)
M
-2

n n—2
am+ 1,n ﬁm,n = im,n aOm + Z /lqn a,, + 1,92 Ao = d; - Z a,, + 1,n (B4b)
Ny

g=m-+2

We find for the coefficients: dy , dj, arbitrary and

o, = 0 except agy, =dy, Aony =dy, = Ay 1 1 5>
dy 1 =0 if Ny>N, +1 (B5b)
n—2
am,n = 0 except aN,~+ 1,n :BN,-,n = A'Ni,nQON; + Z AqnaNH» 19> l= 15 2
g=N;i+2

and for the moments

Dl;x — eEONl,d;“ D; — e[EON1~(n~N1)oz]taNl+ s
N,<n<N,+1, n#N, B5a
1 2

- E Eon, — (Ny—
DN e °N2’a0N2+e[ 0Ny — (N2 — Npop ]t

=

Dn— — e[EONZ*(n—Nz)m]taNz_*F it e[Emvl—('1*1\/1)0211611\]1Jr - n=N,+2

A+ 1N,

For the proof we substitute the coefficients relations (B5b) into (B4b) and
verify recursively that they hold.

B4. Examples of g(0) Models. We give simple examples of a(6)
models corresponding to f,,# 0 Vn class (i), o, =0 class (it), foy =0 for
some N integer > 1 class (iii).

Firstly we choose o(0) as a sum of § distribution functions

1 M M
0’(9)25 Z ii[é(e_gi)+5(0+0i)]ﬂ Zlizl

i=1 1

M
Bon= Y. A(l=22)[z,4 23+ -+ 221 —nz?],

i=1
lz;| #1, #0,c088,=z,, 00=1 (B6)
The simplest example is provided with M =1 and only one 8, =0, value for

which 4, =1 and f,,=(1—2z%) [z;+z}+ - z}""'—nz?]. If we choose
zy <0 then f,,<0Vn and o(0) is of class (i). We notice that B,, =
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(1—2z3)z,(1—2,)#0 and in this family of ¢(8) cross sections we have no
example of class (ii). Similarly S, =2z,(1 —z2) (1 —z,)?#0 and in class (iii)
we cannot obtain here 4(8) corresponding to S, =0. For n>=3, if we
except the trivial z; =0 zero, f,, has always only one zero z,,: z, ;=
0.3926, z, ,~0.2696, z, s~0.2091 which tends to 0* when n — o0. With
M =2 in Eq. (B.6) and two 0, values, 6, and 0,, we have more freedom in
order to construct ¢ models belonging to classes (i) and (ii). However the
positivity of ¢ requires 4,>0 and A,>0. From the conditions f,,=0,
op=1:
N, N
N,—N,) ~ N,—N,’

Ni=(1=z})z;+ 2+ - +z2~ 1 —nz?), i=12

Ay = Aa

(B7a}

0(0) >0 is satisfied if z, and z, are such that N, >0 and N, <0.
For simplicity we restrict the discussion to z, = —z, and obtain

; _21+Z?+"'Z%”‘1+7’IZ% ) _Zl+2f+"'Z%n_l—nZ%
1 2z +22+ -z 7 2 Wz, +23+ 221y
Bo.=0  (B7b)

If By, =0, we find A, =(1+2;)2>0, A,= (1 —z,)/2>0, we have a
model for class (ii), for instance® for the B.K.W. odd mode.

I fo,=0, we find A =(1+2)%2(1+2)>0, Ady=(l—z,)%
2(142%)>0 and we find a model of class (iii).

Secondly we consider smooth () models: o= (1/4)cos(6/2)
2V Anlcos 8)" ' For M=1, 2, =1 we find a model of class (i):

16
315°

ﬁO,n<Oa l’l>1

(B8)

1 0
G(Q)ZZCOS 5, Goz 1, ﬁo‘l - -

For M =2 we give a model'”) of class (ii):

g = o7 cosH 1—|-11 0 -1 -0 0
Taen) O\ tqgeost) oo=L for=0. fo,<0  n>1
(B9)

For M =3 we find models of class (iii) with Bo,=0, B, <0 for n>2:
1 8 . . .
azzcosi(i,+Azcos@+kzcoszé), go=1, B=0,

1,6[0.14,056]>a()>0  (B10)
Ay
3

Gl

. . i . i
b—Ty=1-1,, (31)(32)?2— 17725 = (13()32) 1,

8§22/39/1-2-14
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APPENDIX C
We want to obtain upper bounds on

I(n+3)2)

=Tt D) (€1)

N =S 1D (01 4y,

C1: Bound for A,,: We obtain the following bound
Ap < e on —m—a A, A=15[I$)171, me[0,n-—-2], n=z2 (C2)
We can write

holmdn—m—2) TH = (2n+ N[N T3) By

Cm+ 1M [2(n—m)—3]Y
ml(n—m—2)!

b=

zﬂn—m72
n

We notice that for # fixed and p < (n—1)/2, p<(n—1)/2, B? is increasing:

(2p+1)!![2(n——p)—5]!!}
p_ R+l 2 1—
R v e e (AR
It follows that > B9 and finally for n =2

A, A (4n* —1)(n—2)!

< = <4
hmhn —m_z Aoky o (n*—n) [(3)(2n—3)!!

C2: Existence Proof for the Fundamental Solutions of
Class (i): From the definition we have f,,#0 for N#0 and
D (1)] <|d;| and consequently N,(z) < N,(0). We seek the conditions on
o(6) and ¢ (constant entering into the definition of the B.K.W. even mode)
in order that N,(0) < co. We recall

n—2 l
dy#0, dy,,=0, d; =% -£d-, n>N+2,
q:NﬁNn
D;(t)=d;e[E°N‘(”7N)“2]'d; (C3)

where N is 0 or and integer. We define f=inf,|fn,l, f=1Bnxn2 #0 for
N#0,

C4

R

C2)3

(1+4¢* + ¢%) U+ a(6)|cos elde}z,

—n

Ao > 0if B fixed and |c| small (C4)
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We will show the following result:
N0) < Bhn(dy )/ Ao ifj olcos f| df < oo, Ay>0,5#0 (C5)
Using the definitions of §, ,, we have
Bld;| < niz (n—q—DICI"CHE, _,,lldg|

g=N

We multiply both sides by (4,)"?, introduce at the right-hand side the
inequality (C2) for 4,, then take the square of both sides and apply the
Schwarz inequality:

W< A S A, _a(n—g =172 0(d7) B, (C6)

g=N
H— 2
BO_ Z (C IEn qn! (Z C |En qnl)
g=N
2
BO<Uo|cos 8]Y cos 0% sin 62"~ CY d@] <U & |cos eue]
For all > N +2 we sum (C6) adding at the end $°1,(d5)* in both sides
and find

Ny(1=0) < BAy(dy)* + [ o |cos 0| d@jl
> - (C7)
B = Z Z )uq(dq*)Z(/l L PAc2P D) = N,(0) Z - APy
p=1

n=2 p+g=n—1

From the definition (C1) of 4, we find 4, , < pI(3) and

Zp3 2o CUFACHD)

(1—c?)
Subtracting the term proportional to B, in both sides of (C7) we obtain

NyAog< B ip(dy)? with A, defined in (C4) and finally the result (C5) if
Ay>0.

C3: Existence Proof for the General Odd B.K.W. Solutions.
We start with the differential system (24c¢) that we multiply by 4, D, (¢) and
integrate from t=0 to ¢

An(Dy (1) =2, (d7) +2f 2t =) D (1)) A1) dr’

n—2

A4,(0)= Y (n~—qg—D[o()]" D ()CLE, _,,, (C8)

¢=0
— — o2t —_
) =ce 23 —EOn—1'12n+1>U
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and we shall obtain two main resuits
Nyt)<oo  if Ny(0)<oo, [c|<1 and ja(@) lcos ] df < o (C9)
Ny(t)-0 if further y =inf(— E,,) >0 (C10)
t— o0 "

For these results we shall obtain, at an intermediate stage, an integral
inequality

Ny(t)e® < M(t)
M(z):NZ(0)+2(15)1/2j \cos 0] d@f 2N () H(C) e ) (C11)
H(t)=o’()[1 + o))/l -w®)]’
First we notice that [4,| <Y (n—g—1)|w|"" D | X CI|E,_,,| where as
in Section C2 the last sum is bounded by | o |cos 8| d0. We start from (C8),

take the modulus of both sides, use the bound (C2) for 4, and sum over n.
We find

N(1) < ™ N;(0) + 24 | o |cos 6] df jre“”(""’Az(t’) di
0

DA Y ARID; AL, ptt! (C12)

n=2 p+g=n—1

I
I P18

Z 1/2 wp+1 Z |D Al/Zl’Dp+q+1/1;/J2rq|<zll/2 wp+1N
1

qg="0

using the Schwarz inequality. We bound 4, , by p’I(3) and (C11-C12)
become identical if |w| <1 and H=Y p’w”*'. Second we notice that
(C11) is equivalent to the differential inequality dM/dt<
M H(t) 2(15)" | o |cos 0] df] that we integrate and finally find for N,(7):

No(1)<e= (N2(0) exp {2(15)1/2 L “’2(’91[1:2,()’3)3] d’}) (C13)

Because the integral exists when # — oo, we can put infinity as the upper
limit of integration and obtain (C9), (C10).
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APPENDIX D

—(Bou+B,,)={7"0(0)b,(2)db, z=cosB, b,=1—-z"—(1-2%)"
n=1, is a positive increasing sequence. It is sufficient to notice that:
by —b,=2""(1—=z%)+z*(1—-2%)"20, for |z| < 1.
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